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459. 


ON THE DOUBLE-SIXERS OF A CUBIC SURFACE. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. x. (1870), 
pp. 58—71.] 


THE 27 lines on a cubic surface include, and that in 36 different ways, a double- 
sizer; viz. a system of two sets of six lines 1, 2, 3, 4, 5, 6; 1, 2’, 3’, 4, 5’, 6’, such 
that every line of the one set intersects all the non-corresponding lines of the other 


set, thus 
| ihe Ба: а Ie ge 


there being in all 30 intersections. 


Any line say 4, of the one set, intersects five lines 1’, 2’, 3’, 5’, 6’ of the other 
set; and these six lines being given the double-sixer may be constructed; viz. (besides 
the line 4) we have a line 1 meeting the lines 2’, 3, 5’, 6’; a line 2 meeting the 
lines 3’, 5’, 6, Г; a line 3 meeting the lines 5’, 6’, 1’, 2; a line 5 meeting the lines 
6’, 1’, 2’, 3’; and a line 6’ meeting the lines 1’, 2’, 3’, 5’; and then the lines 1, 2, 3, 5, 6 
are all of them met by a single line 4’, which completes the system. 


We may, if we please, consider the lines 4, 2 as given, and then 1, 3’, 5’, 6’ will 
be any four lines each of them meeting the two given lines 4, 2; 2’ will be any 
line meeting 4; and we have to determine a line 4 meeting 2, such that there may 
exist the lines 1, 3, 5, 6, completing the system as above. Or what is the same 
thing, we have a skew quadrilateral 1’, 2, 3’, 4; 5’ and 6’ meet 2 and 4; 2’ meets 
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4, and 4 meets 2: 5 and 6 meet 1’ and 3’; 1 meets 3’ and 3 meets 1’; and the 
two sets 2’, 4’, 5’, 6’ and 1, 3, 5, 6 meet thus 


1.081 5. 6 


Hence, starting with the skew quadrilateral 1'23'4, and taking z = 0, у= 0, 2=0, w=0 
for the equations of the four planes 41’, 1’2, 23’, 3'4 respectively; or what is the same 
thing z—0, у= 0 for the equations of the line 1’; y=0, 2=0 for those of the line 2; 
z=0, w-0 for those of the line 3’; and w=0, s — 0 for those of the line 4; the 
several lines may be determined, each of them by means of its six coordinates, as 


follows : 
WB. B E NA 
i, gg er ШИ | 
DIE Ur q E X 
Г AC NC UE S COR 
|o AS NE CR 
ge ST, ЖО? ekle tempu 
4 Е: C iy ge 
5 d d 054 JL 
6 BC, 0 “GER, 
1 бу et us 0 
3 NE RS DEN OEC ON 
5 Ul. AR QU. о gat 
6 ie 0 бл ЧЫР 
where 


Bubba СН 0, 
B,G, + С.Н. = 0, 
BG; + C;H; = 0, 
BG, + C,H, = 0, 
afi + bgi = 0, 
asf; + bsg, = 0, 
asfs+ 65495 = 0, 
defe + beg, = 0. 
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The conditions in regard to the intersections of the lines 2’, 4, 5’, 6 and 1, 3, 5, 6, 
are formed by means of the diagram 


lih 9$ 0 = à «4| 4, В С, 0 б, Н, | т, 
9| pha 0| 0 В С И Ө, Н, | 4, 
ір wn OC mh 0.0.50 0:76, Hs, 
6/5 go Oa & 0 [| 02,0 0 G, Н, | 6, 


viz. we have the equations 


first set, 
fi Act gi В, +00. +0 Н, = 0, 
% В, + a, P, + biG, + e, H, = 0, 
ФВ, +64, +a Н, = 0, 
% В, +0, +0Н, = 0; 
second set, 
ЛАз+,В, +0, 45,G, = 0, 
ФВ, +h,C, + а. Р, + 5,G, = 0, 
%В, TC, + 5,G, = 0, 
gB: + h, C, +6, =0; 
third set, 
ЉА, + g; B, +b,G, = 0, 
9В, T a; F, T5,G, = 0, 
gs Ds T5,G, =0; 
fourth set, 
45+ gs D, + AEA = 0, 
gs B, +вЁ,-+ ©, = 0, 
IB; T5,6G, =0; 


and it is to be shown, that taking as given the coordinates of 2’, 5’, 6’, that is 
(А., B, C, Gs, Н.), (B, Cs, Gs, Н,) and (Be, Cos б, He), we can find the coordinates 
of the remaining lines 4’, 1, 3, 5, 6. 

The first set of equations gives 
В,, Gs, H, 
В,, Gs, Н, 
viz. f, b, с, are proportional, but as only the ratios are material, they may be taken 
equal, to the determinants G,H,— G,H,, H,B,—H,B;, B,G,— B,G,. And then retaining 
th, в, c to signify these values respectively, the first equation gives fid, and the 
second equation gives a,F,; multiplying together these values, and writing ай = — 5,9, 
we find 


(B,B,, G,G,, Н.Н. G,H,-- G,H,, H,B, + H,B,, B.G, + B,G,- APG, b, e =0. 


f: b. а = 


L] 
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Proceeding in a similar manner with the second set of equations, we have first 

Js» hs, b= B,, С, Gs 
В;, Cs, G, 
(observe hs = G,B,— G, B, = — о), 


> 


_ and then 
(B,B,, 0,0, G,G,, Oaai + €,G,, @.В, + G,B, + A,F,, В.С, + B,C gs, hs, 6) = 0. 
The third set gives more simply | 
95 B, В, + g,b, (В, G, + BiG: + А„ЕЁ,) + 20,6, = 0, 
9, : = 0, : —B,, 


GB, В, — G,B, (В. 6. + В. G, + А.Р, + B G,G, = 0, 
and similarly, the fourth set gives 
9°В. В, + gebe (B,G, + B,G, + А.Е) + 026.6, = 0, 
or since gs : bb =G, : — B,, this is 
G?B,B,— G, B; (B,G, + B,G. + A,F,) - B?G.G, =0: 
and these last two results lead to the values of the ratios of B,B,, B,G,+B,G,.+A.F,, G.G,; 
viz. these are proportional to expressions containing the common factor B,G,— B,G;, 
and omitting this common factor, and taking them equal instead of merely proportional 


to the resulting expressions (which is allowable, since the absolute values are not 
material), we have 


В, В,, В,@, + BG, + A,F,, G.G, 7 B, Вь, BGs + B,G;, Gs Ge. 


or since 


this is 


Returning to the result obtained from the first set of equations, this now becomes 
(B, B,, G,G;, HH, GH, + G,H;, Н.В. + Н,В,, B,G, + B,G, hg, b, Gy =0: 


but the terms containing gı, b, are (B,g, + Gb) (Beg, + Gebi), viz. this is = — H,c,. — Нас, 
that is H,H,c?; the whole equation is thus divisible by c, and omitting this factor, 
it becomes 


gı (Н.З, + Н.В,) + b, (G4H, + в Н,) (HH, + Н,Н,) = 0. 


Proceeding in like manner with the result obtained from the second set of equations, 
this becomes 


(B, B,, C3C,, G; Gs, 0.9, + C,G., В, С, + BGs, В, С. + В.С, 3> hs, b, = 0, 


where the terms containing gs, b, are (Bg,-- G,5,) (Bg,-- Gb), viz. this is –%.0,. – А, О, = А200; 
the whole equation divides by М, and it then becomes 


9% (В.С, + В.С.) + (С.С, + €,C;) +6 (С.С, +С.6.) =0. 
Considering B,, G,, F, as given by the equations 
В.В, » В,В,, GG - Gs Gs, В.б, T G. В, -5 А.Р, - BG; +В; Gs, 
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the equations last obtained determine the values of H, and C,, viz. these equations may 


be written 
(9, B, + biG + e Н.) H,+ Н, (g; B, ^ bG) + c, Н,Н, — 0, 


(g; B, + , C, + , С. ) C, + С, (дьВ, + 6.) +0, О, = 0 ; 


but in order that the values (B,, C, Р,, G,, H,) given by these five equations may 
belong to a line (0, B,, C,, F,, G,, H,), they must satisfy the equation 


BG, F С.Н, = 0, 


viz. in order to the existence of the line 4, this equation must be satisfied identically 
by the foregoing values; and I proceed to show that it is in fact thus satisfied. 
Multiplying the values of C,, H,, and writing C,H,=— B,G,, the identity to be verified is 


(gB: + b, Ga t c, H;) (gs B, + № С, + bs G2) B,G, 
+ [Az (g B, + b, @) + c, Hs На] [С (9» В+ + 0,0) + 0,0] = 0. 


The first line includes the terms 
(9 gs B? + 0,02 + (bg, + bsg) BoG, + ci hs C, Hj) BiG, 
which, writing C,H, = — B,G, and B,B, = B,B,, G,G, = G,G,, are 
= 9,9, B,G,B, B, + b, b, G, B,G,G, + (digs + gids — сМ) Bs Be Gs Ge. 
The second line includes the terms 
C.H, (9, B, + b, С.) (дә В, + 6, @.) + c, h, C, HC, He, 
which, reducing in like manner, are 
=- 9,9: @, B, B, B, — b, b, B,G,G,G, — (bigs + gibs — hs) В,В,0,0,, 
and these are together s 
= (gg, B,B, — b,b,G,G,) (B,G, — B,G,). 
The remaining terms from the first line are at once reduced to 
(9,1 C, G, + 0,9; H,G,) B, B, + (b, hs C, B, + e, b, Н,В,) Gs Go, 
and those from the second line are 
0,0, Н. (gh; B, + bh; С.) + H;H,C, (с, дз B, + bG). 


Hence, attending to the relation c, = —h,, and collecting and arranging, the equation to 


be verified is 
(9,9: D, D, е b, b, (7, G,) (B, G, RT B, Ga) 


+ 4,0, @, (о, B, B, — bs H, He) 
+ h, Н.В, (9.00, — 6, Ge ) 
+ №. С, В, (b, G,G, — gH, Hi) 
+ h, Н.С, (b, C, C, — g, B, В,) = 0. 
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But we have 
9g; B, B, —b,H,H, = B; B; (G; Hs — G,H;) — H,H,(B,C, — B,C;) 


= BH, (BG; * C; Н,) Е; B,H; (B,G, ii СН.) us 0, 
and similarly 
9: Сь( — bG; @ = 0, 


b, G,G, —g, H,H, = 0, 
b, C, C, — g, B, B, = 0. 
Moreover, writing 9, ВВ, = b,H,H,, we have 
99 Ds B, = 6,6, Gs G; 
=b; (gs Н.Н, = b, Gs Gs) = 0, 


and the five terms of the equation in question thus separately vanish; and the 
equation is consequently verified. 


We may collect the results as follows: 
Data are lines 1’, 2, 3’, 4, 2’, 5, 6’; 
and then, for the remaining lines, 1, 3, 5, 6, 4 the coordinates are as follows: 
For 4, 
B,B,-B,B, G,G,— G,G, A,F,—B,G,4- B,G,— B,G, — B,Gs, А, = 0, 
B, G, Н, | Н4.+| HB, H,G, Н,Н, | =0, 


Bs 2G, WE В,, Gs, Н, 
PE. 0, Е Бу, Ge; H, 
B, C2, G,|C, * | CB, СС, CG, | =0, 
Dy, А.б № В,, Сь, Gs 
Be 0 70 В,, 0, G, 
(B,G, + C, H, — 0, identity). 
For 1, 
(5,5, ¢)=|| B; Gs, Н, |, А,ћ=-– | В, Gr Hi|, Ра=-| Bj, G, Н, |, № =0, 
pedi re ЕЕ 
Bu Gy, H, Bs UC dH 
(a, f, + 819, = 0, identity). 
For 3, 
(9, hs, bs)=|| Bs, Cs, Gs ||, Asfs=—| В CG. Gl, Ка == В, С, Gel, a= 0, 
| EL CN | В www A05 90, 
Bos 065 Ds B5 04 Gi 
(a; f, + Ьд = 0, identity). 
€ ҮП. 41 


www.rcin.org.pl 


322 ON THE DOUBLE-SIXERS OF A CUBIC SURFACE. [459 
For 5, 
95=G4s, b-—B, А„/,=В,@— В,@, Fa-B,G,—B,Gs =0, № = 0, 
(a5 f, + 6; 9 = 0, identity). 
For 6, 
Ф%= 0, b-2—B, A, —B,G,—B,G, ЕР = В,(.- ВС» %=0, h=0; 


and, for actual calculation, it is convenient to remark that as only the ratios are 
material, a set of six coordinates may be multiplied or divided by any common number 


at pleasure. 


But these results may be further reduced. Writing 


(93, hs, T Ba C. G; s 
Buy 505. 005 
we have 
, e Ge С, 
- (В, + h,C, + 5,G,) C, = C, („22 : ort) +h 6,0, = p Gy, (BaB: G+ ba lts Bs) +h 0,6 
But 


B, B, С. (0,9, — Pa} e { B,G,0; (Bs Gs — ue 


D,B,G, + 6.65% B, = x 
9252559 T 0z T5 Te Da B b (B,C; — C, Bs) + В, Cs (GB, — G,B,) 


НВ: 
_ во [E B0- 8,0) 
" l- Hs (GB, — @,Вь) 
= 0,0, (B, (G,H, — G,H;) + G,(B,H,— B,H.) 
= C, C, (Bog + Gb), 
since ЖЯ 
(9i; b, MT B;, Gy, Н, 
В,, G, H, 


the equation obtained is thus 
C,C 
gs D, +6, = BG. (д, В, +b, G). 
We then have 
ОС, 
— (9: В+ 0+6) С, = BG. [0,09 В, + 0, G;) -- ^ B,G;] 


— 0,0, 
= ои (6: (B. 0,8.) + 0,0. H;] 


CC, 
= — И. (9 В, + b, G + c, Hj), 


that is 
C,C, NB, t 5,G, e H, | 
H, gs D, + h, C, + bG? 


б,» 
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and in like manner 


—(9,B,+ b, G, + c4 H. 


H, 
AUTE B,G, (gi (т. В, B, + b, В, СС.) Tto Н,Н,, 


С. В, B, (8, Н, x dd T | В.а, Не (G, B, те G, B.) 
T BGs Ge (A;B; Eg H,G;) " LT В,@,Н, (В, G,— d 
2 H,H, (7 С, (GB, Ze G,B;) 
7 С, (В, G, —B, Ga) 
= H;H, (B, (C,C, = C, G;) + G (B,C, p B.C;)} 


gı G B,B, T b, B, Gs Ge = | 


= H,H, (В,9; + Gb) ; 
the equation obtained is thus 
x H, 
% В, + b, G = а. (Bags + а 395 
and then 
HU. 
— (9 В. + b,G, + c, Hi) Н, = B.G = {Hs (Bigs + Gabs) + c, В, С, } 
_ А, Ж. 
Ж : b M. DUELO FORI 
that is 


LII uB ke. 
Р С, gB,cb5,G,-- c H. 


which values of C,, H, satisfy, as they should do, the relation 
C.H, = B, e. 


B,G,G, G,B,C, 
G: В, 


= — ES (G, B, a BGs) (GB; do B, Gs) 


We have also 
ÁF, = B; Gk + BGs — 


1 
C.H, (G.B; — В,а,) (GBs — B.G,), 
which gives F 4.’ 
Moreover 


= ҺН,Н, В, + biG, + ha Cs 
Vae Gia GE OA ЕАР р ALTERO ой, 
_ H,H, RETA INA, 
09.09. В, + b,G, c  H;) + (gB: + bs Ga + hs C2) Н, 
— H,H, | 
Н.В. + а. E oH) OP 


which combined with the foregoing value of F,, gives a. 


B, + 6.) (9. В, в b, Ga) + ch; B, Ga}, 


41—2 
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Again, 
C, C, 6, 0,0, 9. B, + b,G,+ c Н. 
ре = q. D. C REL ui LL a Vs Ve NPs т 0а 2 
UN dee С.Н, V: Ba + b Gs) Н, 9;B,+h;C, +b; G, 
a ПЕ D а у IO e | (9, В, + b, б) BM 
C,H, (9; В, Th, C, + b, Ga) |+ (9. B, +b, Ga + c, H;) eC, 


— 6,6, 
C,H, (9, B, + h, C, + 6,4.) 109 B, + b, Ge) (о, B, +86.) + eh; B203}, 


which combined with the foregoing value of F, gives a. 


Write 
w = BG; + BQ; + C, H, + C, H;, 
we have 
bg; =: (НВ; са Н,В,) (G-H: ET G,H,;) 
X T H2? B,G, T Н2В,@, + H,H, (BG, Р B,G;) 
= Н,Н,(0,Н, + О,Н,+ B,G, + B,G,), 
that is 


bg, = Н,Н,о, 
and similarly 


6:9; = О, C, о, 
bb, = В, B, о, 
9:95 @ G, о, 

bigs + 69: + ch = — (BG, + Вь С.) о, 


(b, б, + %В,) (bG + gs B5) Чі ch, B,G, VF (G?B, B, kd BGs G, pA BG, (B; Gs + By Gs)} o 


= (GB, — B,G;) (G,B, — В.С.) о, 
\ 
which last value is to be substituted for the left-hand function in the formule for a, 
and аз respectively, 


Whence, finally recollecting that 


B,G,+ C,H,=0, B,G,4- C,H, = 0, B,G, + C,H, = 0, 


and 


w = C,H, + C,H, + BG; + В, 4, 


we have 
(91, в, 2) = || B, Gs, Н, 
В,, G,, H, 


, 1 
Л a> A. (9, B, + 6, + aH), 
For 1 | 


A,H,H,w 
b = H,H, А В ol — 
д 51150 9 DB, + h,G, + оН,’ 7 0. 
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1 
| ћ= – д. OP: + ҺО, + bG), 


(98, hs, м В,, С, G 
For 3 B, С, G, 
4,C,C,o ү» 
09 = C, Cso. 75 7 a B, h,0, 6,” № = 0, 
where observe that с, + h; = 0. 
gs = Gs, b; = – В,, Љ = 4 (б.В,- — B, б), 
Еог 5 EBC 
<. 266 
t OM w= 5. B,— B,G, 
1 
= @, = — В,, fm (С.В, — В, Gs), 
For 6 A.B, G, 
[а 79; №- 0 = GB,- BG, 


A,C,H, 


0С, g; B. +Ьб„+о,Н, 
H, g; B, + Мб» + bs’ 


H,H, gB + h,C, + b;G, 
С, ФВ. +60, +е.Н,' 


С. = 


Н,= 


А,= 0, В, = P. a 
р _(@.В,— 0B) (0.8, 6,8) _ 6.0, 


I have thought it worth while to effect the numerical calculations for enabling 
the construction of a drawing or model. For this purpose taking X, Y, Z as ordinary 
rectangular coordinates, I write 


a= X+Y+Z-10, 


y= Z, 
z=—-X+YV+Z-10, 
w= Y, 


that is, I take 1’ and 2 to be lines in the plane of XY, defined by the equations 
Х+У=10 and Х- У= – 10 respectively, and 3’ and 4 to be lines in the plane of 
XZ defined by the equations X —Z——10, X+Z=10 respectively. And I take 5’ to 
be the line joining the points (2, 0, 8) and (—9, 1, 0); 6’ the line joining the points 
(3, 0, 7) and (—8, 2, 0); 2’ the line joining the points (9, 0, 1) and (—3, 7, 4). We 
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calculate then for each of the lines the уги coordinates of two points thereof; and 
thence the six coordinates of the line, viz.: 


reduced 
ту 8 w » sc ANB Cf Gp ot И BiG ESO. 


вов 40 | обо ТЕ HA và S" DIO aa 38 02 1 
6 | 0, 7,— 6,0 | —16, 0, 0,2 | 0,96, 112, 0, 14,-.12| 0, 48, 56, 0,7, - 6 


9 | 09,1, = 18, 0 | — 2, 4/4/94 И, 2/0; 7, —126 176, 56, 2, 01 7, — 126 


A B C F G H. 
, 9 3 
i 0 24 —944 — 38 2 59 | 
380 385 
15 
3 | 127680 —720 0 19 140 -30 
21 
5 = а 
804 48 0 19 7 0 


or reducing to integers, the values are 


A B C Р G H 
5’ 18 36 0 2 - l1 
6’ 48 56 0 T) 24 
2’ 76 36 2 0 7 —126 
4’ 0 53808 — 2116448 -531 4484 114 
1 1444 13452 6726 10443 — 1121 0 
3 | 485184 — 2736 0 3 532 -- 114 
5 5776 — 912 0 21 133 0 
6 5776 — 2052 0 81 228 0 

a b с f. g h 
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The line (a, b, c, f, g, №) is given as the intersection of any two of the four planes 


( h -—g, а Ya, y, 2, ш) = 0, 
=), fb 
=} C 
—a, —b, —c, 


or substituting for æ, y, z, w the values Ею Z2 —F4T-2-10"E, thes 
become 


( g у”. d—-g" henge eg ETT, Ж 10) = 0, 
—f—h, b+f—h, f-h , h-g 

Я, €—J- QI] «HU 

с-а, -—c—aà, —c—a-—b, cca 


or, what is the same thing, 


( . | 2g—a +c j 2g9—f—h , -29 ОХ, У, 2, 10) =0. 
—2g+a-¢, 2 : at+b+c+f—h, —a-—c 
—29g+f+h, -a-—b-—c—frth, { > —fth 
29 à a+c ; —f+h , 


And substituting, we have the equations of the several lines, viz.: 


di 9 У 
Cee a ey Ai 
(65) the gna Beato hy a 
бот X Xr Ws Ү—=@, 
LL cig anes ME Coo ERE. ak! Az 
О cage 
Sher ER REGIS ee 
E UNUeL 
Coes. Beas м-та 
RULES ERES 
HE ES EO А 
E AM EU 
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(3) o офу ао WSS 10:755 dey TAS, 10) =, 
30, УК 120, – 39 
— 70, — 120, AE 63 
1: 39, — 63, 
mo 1 ‚. , — 2107480, 9385, — 8968 ИХ, Y, 2, 10)=0, 
2107480, í , — 2063285, 2116448 
— 9385, 2063285, i : — 645 
8968, —2116448, 645, 
Е Peart 3040, — 12685, 2242 YX, У, Z, 10)=0, 
— 3040, ‚ы 82065, — 8170 
12685, — 32065, 20 10443 
— 2942, 8170, —10443, 
(3) ( . , -—484120, 1175, — 1064 ўХ, У, Z, 10) =0, 
484120, ; , 482565, — 485184 
--1175, — 482565, i 117 
1064, 485184, — 117, 
(5) ( are 5510, 245, — 266 YX, Y, Z, 10) - 0, 
— 5510, . , . 4885, = 5776 
— 245, — 4885, ie 21 
266, 5738. =: 9], 
(6) ( e » = 5820, 375, — 456 ух, EZ 10) “90, 
5320, "TN 3805, — 5776 
— 3751, — 3805, "TS 81 
456, 5776, — 81, 
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The several lines intersect as they should do, the coordinates of the points of 
intersection being as follows: 


T^ § 9! Бы 4’ 5’ 6’ 
| 621 — 354 42417 — 493 — 1188 
; 1 * 12839 5-- 305 05-48 —177»— 5098 595-- 78 354»-- 253 
| 836 76 8968 152 532 
2479 "E ii 
— 9 47 1 2 
0 0 0 
— 9484 807 3672 
66$--24727 — 15—398 — 65+1213 
251464 3192 8512 
2 3 
* 0 0 
8 a 
4752 1080 
495-- 6521 * — 425- 983 
71744 2128 
1479 65 
9›= 727 —3s~+ 16 * 
8968 154 


viz. the coordinates of 12’ (intersection of lines 1 and 2’) are ($31, 1289, 836), and so 
in other cases; where there is no divisor the coordinates are integers. I find however, 
on laying down the figure, that the lines 3 and 4, 3' and 4' come so close together, 
that the figure cannot be obtained with any accuracy. 
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